Let W be the Weil group of a p-adic field and let g be a simple complex Lie algebra. We prove lower bounds for Swan conductors of representations of W by automorphisms of g and give necessary and sufficient conditions for equality. We also relate these bounds to the Local Langlands Correspondence and to the representation theory of p-adic groups.
Introduction
Let G be a complex semisimple (or reductive) Lie group and let g ∈ G have centralizer C G (g). From the fact that g is contained in at least one Borel subgroup of G, it follows that dim C G (g) ≥ rank G.
(
Those g ∈ G for which dim C G (g) = rank G are called regular; their study was inititated by Kostant [13] and Steinberg [21] . Regular elements are precisely those which are contained in only finitely many Borel subgroups of G. Later in [24] Steinberg extended this result to arbitrary g ∈ G by showing that the singularity of g is measured by
where B g G is the variety of all Borel subgroups of G containing g.
A Langlands parameter may be thought of as an "element" in G (or a group close to G), enhanced by arithmetic data arising from a Galois extension of p-adic fields. From this viewpoint, both (1) and (2) become statements about tamely ramified Langlands parameters. Our goal in this multi-part paper is to prove analogues of (1) and (2) for wildly ramified Langlands parameters, in which dim B g G is replaced by and combined with (a variant of) the Swan conductor of the adjoint representation of G.
This interaction between two apparently distinct areas of mathematics -local Galois theory and complex Lie theory -is predicted by the Local Langlands Conjectures (LLC). Our results verify unconditionally some consequences of the LLC which arise from the formal degree conjecture of [10] and the construction of epipelagic representations of p-adic groups [18] . The latter are minimized in this paper, in order to highlight the Galois vs Lie interaction. However our results also imply a new existence result for epipelagic representations.
Let k be a field which is complete and locally compact with respect to a discrete valuation, of residue characteristic p > 0. Fix a separable closurek and let W ⊂ Gal(k/k) be the Weil group of k. Let K and K t be the maximal unramified and tamely ramified extensions, respectively, of k contained ink. We have corresponding normal subgroups P < I < W, where I = Gal(k/K) and P = Gal(k/K t ).
Let ϕ : W −→ GL(V )
be a continuous finite-dimensional complex representation. The image I := ϕ(I) is finite, and P := ϕ(P) is the unique Sylow p-subgroup of I. We have I = S · P , where S is a cyclic subgroup of I, of order prime to p; this tame inertial factor S is unique up to P -conjugacy. If P = 1 we say ϕ is tamely ramified. Otherwise ϕ is wildly ramified. If I fixes no nonzero vector in V we say ϕ is totally ramified.
The valuation on k and its extension fields gives rise to a finite filtration P = P 1 ≥ P 2 ≥ · · · by ramification subgroups of P , and the wild ramification of ϕ is measured by the Swan conductor:
Here V P j is the subspace of vectors fixed by the ramification group P j and the sum is actually finite.
Suppose now that ϕ : W → Aut(g) is a continuous representation of W by automorphisms of a simple complex Lie algebra g. In this situation we consider a variant of the Swan conductor, namely swr(ϕ, g) := sw(ϕ, g) + rank g I ,
where we have added the rank of the (reductive) Lie subalgebra g I of I-fixed vectors in g. So we have swr(ϕ, g) = sw(ϕ, g) exactly when ϕ is totally ramified.
By analogy with (1) and (2) , our results will consist of lower bounds for swr(ϕ, g) along with analysis of those ϕ for which equality occurs.
As a simple example, suppose I is contained in a torus. Then rank g I = rank g, so we have swr(ϕ, g) ≥ rank g, with equality if and only if ϕ is tamely ramified.
In this first paper we consider the next level of complexity: We say ϕ is essentially tame if P is contained in a torus. This generalizes the definition for GL n given in [5] . If we assume at the outset that p does not divide the order of the Weyl group of g then all representations ϕ : W → Aut(g) are essentially tame, as follows from an old result of Borel and Serre [2] .
To simplify the exposition, we will also assume in this introduction that I lies in the neutral component G = Aut(g)
• .
(This corresponds to the LLC for p-adic groups splitting over K.) More general parameters are treated in the body of the paper.
The cyclic group S normalizes a Cartan-Borel pair t ⊂ b inside the reductive Lie algebra g P . Let t S be the subspace of S-invariants in t and let L = C G (t S ) be the centralizer of t S in G. Then L is a Levi subgroup of G containing S. We have L = G precisely when ϕ is totally ramified.
The essentially tame condition means that t is actually a Cartan subalgebra of g. Let W be the Weyl group of t in g and let R be the set of roots of t in g. The action of S on t gives a map S → Aut(R) into the automorphism group of the root system R. The assumption that I ⊂ G implies that the image of S actually lies in W .
We can now state our main result. Theorem 1.1. Assume ϕ : W → G is wildly ramified and essentially tame. Then we have
with equality if and only if the following conditions hold:
(ii) The second ramification group P 2 is trivial;
(iii) The image of S in W is elliptic and regular.
Here the image of S is elliptic in W if S fixes no nonzero vector in the root lattice ZR, and the image of S is regular in W if S acts freely on R. (Note that regularity in G and in W are distinct notions. For historical reasons we cannot avoid this unfortunate conflict of terminology.)
Applying (2) to L, the inequality (4) may be written as
where B S L is the variety of Borel subgroups of L containing S. Now if S has elliptic regular image in W , then S is also regular in G if and only if the image of S in W is a Coxeter element. Since dim B S G = 0 exactly when S is regular in G, we obtain: Corollary 1.2. Assume ϕ : W → G is wildly ramified and essentially tame. Then we have
with equality if and only if the following hold:
(iii) The image of S in W is generated by a Coxeter element.
The inequality (5) was proved in [9] assuming a priori that L = G (and that I ⊂ G). The significance of (5) will be discussed later in this introduction. The full version of Thm. 1.1 is given in Thm. 4.1 below.
We also prove a converse to Thm. 1.1, which amounts to an existence result: Theorem 1.3. Assume that p does not divide the order of W . Given an elliptic regular cyclic subgroup S ⊂ Aut(R), there exists a totally ramified representation ϕ : W → Aut(g) whose tame inertial factor is S and for which swr(ϕ, g) = dim C G (S).
The full version of 1.3 is given in section 5. The proofs of Thms. 1.1 and 1.3 are mostly uniform arguments, along with some case-by-case analysis of exceptional root systems.
So far, our analogies to (1) and (2) only apply to semisimple (in fact torsion) elements in G. The unipotent part arises as follows. A discrete parameter is a homomorphism
which is continuous on W and algebraic on SL 2 (C), and whose image has finite centralizer in G. Via the Jordan decomposition, a discrete parameter may again be regarded as a "element" of G: the restriction ϕ = ψ| W is the "semisimple" part, and ψ| SL 2 is the "unipotent" part, via the Jacobson-Morozov theorem.
Let I, S, P be defined as above for ϕ := ψ| W . Then ψ(SL 2 ) is contained in the connected centralizer H = C G (I) • . Let u ∈ H be the image under ψ of a nontrivial unipotent element of SL 2 and let B u H be the variety of Borel subgroups of H containing u. Applying (2) to H and u, we have that
H . Now take the average of this geometric difference and the arithmetic difference from Cor.1.2 and define
From [9] it is known that v(ψ) is an integer.
As a simple example, if ϕ is tamely ramified then I = S = s , say, so we have
Cor. 1.2 implies the following generalization of (1) and extends the notion of regular element to discrete parameters. Corollary 1.4. Assume that p does not divide the order of W . For every discrete parameter ψ we have v(ψ) ≥ 0, and v(ψ) = 0 if and only if one of the following holds.
1. ψ| W is tamely ramified and su is a regular element in G, or 2. ψ| W is totally and wildly ramified and g = s is a regular torsion element of minimal order.
The elements in case 2 are Kostant's principal elements, cf. [13] ; they are representatives in G of Coxeter elements in W .
We now explain the role of p-adic groups in the above results. Assume the residue field of k has finite cardinality q, and let G be a simply connected group over k whose absolute root datum is dual to that of G. The LLC predicts the existence of a finite-to-one surjective mapping π → ψ π from the set of (equivalence classes of) discrete series representations of G(k) to the set of (G-conjugacy classes of) discrete parameters ψ : W × SL 2 (C) → G. For example if π = St is the Steinberg representation then ψ St is trivial on W and u is a regular unipotent element in G.
Each discrete series representation π has a numerical invariant deg(π), the formal degree, whose value depends on a choice of Haar measure on G(k). We choose the measure making deg(St) = 1. Based on examples and heuristic arguments, one expects the formal degree of any discrete series representation π to have the form
where d(π) is a nonnegative integer and Γ(x) ∈ Q(x) is a rational function such that Γ(0) = 0. Here, q is the cardinality of the residue field of k; see [9, 7.2] for a more precise statement.
A conjectural formula for deg(π) in terms of an adjoint gamma value of ψ π was given in [10] . As shown in [9] , this prediction implies that
where v(ψ π ) is the integer defined in (6) . Thus, d(π) plays a role for representations of general groups G(k) that is similar to the role played by the exponents of Godement-Jacquet local epsilon factors attached to representations of GL n (k), whose direct analogues have not been defined for general G. Equation (7) and its heuristics lead to the expectation (but not a proof) that v(ψ) ≥ 0 for any discrete parameter ψ; this expectation is confirmed by Cor. 1.4 in the case p |W |.
All of our results described so far are unconditional. However, if we assume the LLC and its expected properties, including (7), then Cor. 1.4 classifies those discrete series representations of G(k) having formal degree prime to p, as follows. 1. π is a depth-zero lift from the Steinberg representation on an endoscopic group for G, or 2. π is a simple supercuspidal representation.
The representations in case 1 interpolate between the Steinberg representation St (where u is regular in G) and the depth zero supercuspidal representations in [7] (where u = 1 and s is regular).
The intermediate representations in case 1 were found by the author in 2001, but are not yet written up for publication. The representations in case 2 are constructed in [9] .
As a by-product, Thm 1.3 sharpens the existence criteria for epipelagic representations constructed in [18] , where the residue field of k was assumed to be sufficiently large. Thm. 1.3 implies that this existence criterion holds assuming only that p does not divide |W |. It is likely that even this last assumption is not necessary (cf. [8] ).
In this first paper we have assumed ϕ is essentially tame. Without this assumption the structure of ϕ changes drastically. For example, S no longer gives rise to a subgroup of the Weyl group.
However, the inequality of Cor. 1.2 is still expected to hold, even though the conditions for equality will be completely different. This will be the topic of [16] .
I thank the referees for valuable comments, including corrections to some errors in the tables of section 4.6.
Basic notation for groups: If g is a permutation of a set X then X g := {x ∈ X : gx = x}. If J is a group acting on X then X J = ∩ g∈J X g . If g, h, . . . are elements or subsets of J then g, h, . . . is the subgroup of J generated by g, h, . . . . If g ∈ J has finite order then |g| is the order of g . The centralizer of an element g ∈ J or a subgroup H < J is denoted by C J (g) or C J (H).
Ramification groups and Swan conductors
Throughout this paper, k is a field which is complete and locally compact with respect to a discrete valuation and which has residue characteristic p > 0. The Weil group of k, and its inertia and wild inertia subgroups are usually denoted W > I > P, respectively. Sometimes for clarity we write W k = W, etc. For more details in this section see [19] .
By a "representation" ϕ : W → GL(V ) we mean that ϕ is a continuous representation of W on a finite dimensional complex vector space V , where GL(V ) has the discrete topology. Thus, continuity is equivalent to ker ϕ being an open subgroup of W. This implies that the inertial image ϕ(I) is finite.
Given a representation ϕ : W → GL(V ), let I = ϕ(I) and P = ϕ(P) be the images of the inertia and wild inertia subgroups and let
be the ramification filtration in the lower numbering. Each P j is normal in ϕ(W), and I = S · P , where S is cyclic of order prime to p. The Swan conductor of ϕ may be defined by the explicit formula
A more illuminating definition of sw(ϕ, V ) is the following. Let {P u : u ≥ 0} be the upper numbering of the ramification subgroups. This is now a filtration by real numbers in which P 0 = I and for u > 0 we have P u = P j for some j = j(u) ≥ 1. The depth of ϕ is the following (well-defined) real number:
The Swan conductor sw(ϕ, V ) is then characterized by the following two properties:
It is clear that sw(ϕ, V ) depends only on the inertial image I together with its filtration, and that sw(ϕ, V ) = 0 if and only if P = 1. Less obviously, sw(ϕ, V ) is actually an integer.
The Swan conductor has an inductivity formula [19, VI.2] which we will need only in a simple case:
, where L/k is a totally and tamely ramified finite extension. Then we have
3 Representations on Lie algebras
Throughout this paper g is a simple complex Lie algebra, Aut(g) is the algebraic group of automorphisms of g, and G = Aut(g)
• is the neutral component of Aut(g). We will study representations ϕ : W → Aut(g) of W by Lie algebra automorphisms. Two such representations are considered equivalent if they are conjugate by G.
Given a representation ϕ : W → Aut(g), let I = ϕ(I), P = ϕ(P), with I = S ·P and ramification groups P j be as in section 2. Since I is finite, it consists of semisimple automorphisms of the complex Lie algebra g. Hence each fixed-point subspace
We define the Swan-rank swr(ϕ, g) of ϕ by the formula
Since equivalence is defined via conjugation by Lie algebra automorphisms, it is clear that if ϕ 1 and ϕ 2 are equivalent representations of W by automorphisms of g then swr(ϕ 1 , g) = swr(ϕ 2 , g).
Each subalgebra g P j is preserved by I. In particular we have a canonical S-stable decomposition
where m is spanned by the nontrivial P -isotypic components in g. Since P acts trivially on g 1 we have sw(ϕ, g) = sw(ϕ, m).
A Levi subalgebra
Recall our notation: g 1 = g P and g 0 = g I . The cyclic group S normalizes g 1 , so we have
We choose, as we may [22, Thm.7 .5], S-stable Cartan and Borel subalgebras t 1 ⊂ b 1 of g 1 .
The fixed-point subalgebra
is a Cartan subalgebra of g 0 and contains regular elements of g 1 . Let
be the centralizer of t 0 in g. We have
The centralizer L = C G (t 0 ) is the Levi subgroup of G with Lie algebra l. We have S < L and l S is the centralizer of t 0 in g S . Hence l S is a Levi subalgebra of g S , so we have
The next result relates this inequality to the decomposition g = g 1 ⊕ m from (11).
Then dim l S ≤ swr(ϕ, g) with equality if and only if the following hold:
Taking S-fixed points on both sides of (15), we obtain
It is clear that l S ∩ m ⊂ m S and that we have l S ∩ m = m S if and only if [t 0 , m S ] = 0. Thus we obtain the chain of inequalities:
The lemma follows.
Remark: The choice of (t 1 , b 1 ) is canonical, in the following sense. If (t 1 , b 1 ) is a different choice then there is an element g ∈ C G (P )
• such that Ad(g)t 1 = t 1 and Ad(g)b 1 = b 1 . One checks that S and gSg −1 give the same group of automorphisms of t 1 .
Essentially tame representations
We retain the notation of section 3.
From now on we assume that our representation ϕ : W → Aut(g) is essentially tame. Recall this means that the wild inertial image P is contained in a torus. This is equivalent to the condition
In the following situations ϕ is essentially tame:
• p does not divide the order of the Weyl group of G [2];
• p is not a torsion prime for G and P is abelian [23, 2.25(a)];
• p does not divide the order of the fundamental group of G and P is of type (p, p) [1, 3.12];
• P is cyclic and is contained in G.
As in section 3.1 we choose S-stable Cartan and Borel subalgebras t 1 ⊂ b 1 of g 1 . Condition (18) means that t 1 is also a Cartan subalgebra of g, and that P is contained in the maximal torus
Let R be the set of roots of T 1 in g. For each α ∈ R let g α = {y ∈ g : [x, y] = α, x y ∀x ∈ t 1 } be the corresponding root space. The two summands in (11) are stable under ad(t 1 ), giving a partition
where
The group Aut(g, t 1 ) naturally surjects onto the automorphism group Aut(R) of the root system R; the group P acts trivially on R and the image of S is a cyclic subgroup S R < Aut(R), of order prime to p.
Let b be a Borel subalgebra of g such that b 1 = b ∩ g 1 , and let ∆ ⊂ R be the set of simple roots of t 1 in b. This gives a splitting
where W = W (R) is the Weyl group of R and Aut(R, ∆) = {ϑ ∈ Aut(R) : ϑ(∆) = ∆}.
Automorphisms of root systems
We pause to review some general facts about automorphisms of root systems. See [17] for more details.
We say that a subgroup C < Aut(R) is elliptic if C fixes no nonzero vector in the root lattice ZR, and that C is Z-regular if C acts freely on R. We also say that an element σ ∈ Aut(R) is elliptic and/or Z-regular if σ is so.
Fix a coset W ϑ of W in Aut(R) and let (W ϑ) ellreg be the set of elliptic Z-regular elements of W ϑ.
It is known that (W ϑ) ellreg is nonempty. For each integer m ≥ 1 let
If it is nonempty then (W ϑ) m ellreg consists of a single W -orbit, under conjugation. The maximum such order is the twisted Coxeter number of W ϑ:
Let t 1 , T 1 , R be as in the previous section. The action of Aut(g, t 1 ) on R gives a surjective mapping f : Aut(g, t 1 ) → Aut(R). If σ ∈ Aut(R) is elliptic then the fiber f −1 (σ) is a single T -conjugacy class in Aut(g, t 1 ). If, in addition, σ is Z-regular then the elements of f −1 (σ) have the same order as σ [17, Prop. 8] . If W ϑ is a coset of W in Aut(R) and σ ∈ (W ϑ) m ellreg then m = h ϑ if and only if the fixed-point subalgebra g s is abelian, for any s ∈ f −1 (σ).
Statement of the main result
Our representation ϕ : W → Aut(g) has given rise to a cyclic subgroup S R < Aut(R), depending on a choice of S-stable pair (t 1 , b 1 ) in g 1 . From the remark at the end of section 3.1, it follows that the properties of S R being elliptic and/or Z-regular are independent of this choice.
Let l be the Levi subalgebra defined in section 3.1. We note that
We can now state our main theorem in full generality. 
Equality holds if and only if the following conditions hold:
3. S R is both elliptic and Z-regular.
Remark/Example: When (21) is an equality we necessarily have l = g, by (20) . However, we cannot replace l by g in the statement of Thm. 4.1 without the additional assumption that g 0 = 0 (the "totally ramified" condition). This is shown by the following example.
In the group G of type G 2 consider the copy of the symmetric group S 3 generated by s, t where g for some odd integer c, where S = s and P 1 = t . Note that ϕ is essentially tame, since P 1 is cyclic. From the above discussion we have
It follows that swr(ϕ, g) = 3c + rank so 3 = 3c + 1 ∈ {4, 10, 16, . . . }.
Hence swr(ϕ, g) dim l S , as promised by Thm. 4.1. Indeed, the automorphism σ ∈ Aut(R) induced by s acting on t 1 is a reflection, hence is not elliptic. In fact the difference 4 − 2 is minimal, since it must be even, a priori.
For k = Q 3 we find in [11] 
s . This shows that we cannot replace l by g in the inequality (21).
Corollary 4.2. Suppose ϕ : W → Aut(g) is essentially tame and wildly ramified. Then
with equality if and only if S R is generated by a twisted Coxeter automorphism and P 2 = 1.
We note that rank g S depends only on the projection of S R to Aut(R)/W (R): This projection is isomorphic to a cyclic subgroup ϑ < Aut(R, ∆) and rank g S is the number of ϑ -orbits in ∆.
Proof. Since l S is a Levi subalgebra of g S we have, using (21) , that
Hence the inequality of Cor. 4.2 holds.
Assume that swr(ϕ, g) = rank g S . Then we also have equality in (21), so l = g, P 2 = 1, and S R is elliptic and Z-regular. But also dim g S = rank g S from (22) , so g S is abelian. Hence S R is a twisted Coxeter element (see section 4.1).
Conversely, if P 2 = 1 and S R is a twisted Coxeter element then g S is abelian and also l = g by (20) . Hence by Thm. 4.1 we have swr(ϕ, g) = dim g S = rank g S .
Proof of the inequality (21)
By Lemma 3.1 it is enough to prove the simpler inequality
For each α ∈ R, the root space g α is one-dimensional and from (19) we have
where R 1 = {α ∈ R : α(P ) = 1}. Note that S R preserves R 1 , since P is normal in I. Let R 1 /S be the set of S R -orbits on R 1 and for each orbit O ∈ R 1 /S set
Thus we have dim g
It follows that
so the inequality in Thm. 4.1 is proved. We consider the case of equality in the next section.
Analysis of equality
It is easy to show that if S R is elliptic and Z-regular and P 2 = 1 then swr(ϕ, g) = dim l S . Indeed, from the equivalences (20) we have that l S = g S and g 0 = 0. It follows that g 1 = t 1 , so that
The equality |S| = |S R | also implies that P is the full stabilizer in I of any root α ∈ R, so that g O = Ind I P g α , as I-modules, for any α ∈ O. Since P 2 = 1 we have sw(ϕ, g O ) = 1, using (9) . It follows that sw(ϕ, g) = |R/S|, so that swr(ϕ, g) = sw(ϕ, g) = dim m S = dim g S = dim l S , as claimed.
For the nontrivial direction, assume that swr(ϕ, g) = dim l S . Since we have already verified the simpler inequality (14), we may invoke parts (a) and (b) of Lemma 3.1.
From part (a) of 3.1 we have dim m S = sw(ϕ, m). Using (26) , this implies that
for all O ∈ R 1 /S. Now I = Gal(E/K) where E is a finite (and totally ramified) Galois extension of the maximal unramified extension K of k. Let E α = E Iα , where I α is the stabilizer in I of a root α ∈ O. Since I α ⊃ P , the extension E α /K is tamely ramified, so the induction formula (9) gives
where ϕ α is the restriction of ϕ to W Eα . It now follows from local class-field theory that α(P ) p = 1. Since this holds for all α ∈ R we have
. If x ∈ t 0 and O ∈ R 1 /S then x acts on g O by the scalar α, x for any α ∈ O, since x is S-invariant. Hence x acts by α, x on the one-dimensional space g Since l is the centralizer of t 0 in g, this means that m ⊂ l. From (15) it follows that
In terms of roots, this means that
Recall that m = Equations (30) imply that [m, n] ⊂ n ⊂ g 1 . But from the original definitions of R 1 and R 1 after (19) we have
and equations (31) imply that [m, n] ⊂ m. Since g 1 ∩ m = 0, this shows that
The derived subalgebra h = [l, l] is generated by the nontrivial root spaces in l, which is to say, by m (see (29)). It follows that h is an ideal in the simple Lie algebra g. If h = 0 then l = t 1 , so m = 0. This means P = 1, contrary to our assumption that ϕ is wildly ramified. Therefore h = g, so l = g and t 0 = 0, so g 0 = 0.
We have now proved Assertion 1 of Thm. 4.1. Note also that the vanishing of g 0 implies that g 1 is abelian, so in fact g 1 = t 1 is a Cartan subalgebra of g. We have R 1 = ∅, R 1 = R and S R is elliptic.
We turn now to the ramification filtration P = P 1 ≥ P 2 ≥ · · · . Define integers a and c α (for α ∈ R) as follows:
The equation sw(ϕ α , g α ) = 1 (see (27)) can be written as
Since clearly P cα = P 1+cα , we have c α ≥ a, so
Lemma 4.3. The cyclic group S R is Z-regular if and only if P 2 = 1.
Proof. If P 2 = 1 then for all α we have c α = 1, hence I α = P ⊂ T 1 , so S R is Z-regular. Conversely, if S R is Z-regular, then |S| = |S R |. This implies that [I α : P ] = 1 for all α. Hence c α = 1, so α(P 2 ) = 1 for all α, so P 2 = 1.
It remains only to prove that S R is Z-regular. Let
be the set of roots in R whose stabilizer in S R is trivial, and let
It is easy to check that if , it follows that Z has no elements of order p when S R is almost regular.
Proof. The proof will rely on equation (32), which has been established for every root α ∈ R.
We first show that |S| = |S R |. Set
A lift of S R to a Tits subgroup of Aut(g, t 1 ) (corresponding to a choice of pinning in g, see [25] ) has order equal to m or to 2m. Since S R is elliptic, all of its lifts to Aut(g, t 1 ) have the same order and are in fact T 1 -conjugate. Since S is one such lift, we have that ∈ {m, 2m}.
We assume that = 2m and find a contradiction as follows. Let S R = σ and let s ∈ S be a lift of σ. We have s m = t, where t is the unique element of order two in S and S ∩ T 1 = t , since |σ| = m. Clearly t ∈ I α for every α ∈ R, and the group t · P 1 ⊂ T 1 is abelian.
Let K be an algebraic closure of the residue field of k, and let µ (K) = {z ∈ K × : z = 1}. There is a canonical embedding I/P → K × [19, IV.2 Prop. 9] whose image is µ (K), giving an isomorphism
Set ζ = θ(s). For each j ≥ 1 we also have embeddings θ j : P j /P j+1 → K + , such that
Under the embedding (36), we have θ(t) = −1. The assumption = 2m forces p = 2, so −1 = 1 in K. Since t centralizes P 1 , it follows from (37) that all jumps in the lower filtration numbering are even. In particular we have P 1 = P 2 . From (32) we have, for all α ∈ R,
Take any α ∈ R • and let s k generate the stabilizer of α in S. Then
In either case we have [I α : P ] ≤ 2, so c α ≤ 2. This shows that α(P 3 ) = 1 for all α ∈ R
• , so P 3 ⊂ Z. But S R is almost regular, so p does not divide |Z|. Hence P 3 = 1. This means c β ≤ 2 for any root β ∈ R, so that [I β : P ] ≤ 2. Now Z-regular elliptic elements of Aut(R) lift to elements of the same order, so σ cannot be Zregular, by our assumption that = 2m. Hence there exists a root β fixed by some power σ i = 1. But since [I β : P ] ≤ 2, it follows that s i is an involution in S, so we must have s i = t, forcing σ i = 1; this is the desired contradiction.
Therefore |S| = |S R |. This implies that the stabilizers of a root β in S and S R are isomorphic. Hence for every α ∈ R • we have [I α : P ] = 1, so that c α = 1, meaning that P 2 ⊂ ker α. Since this holds for all α ∈ R
• , we have P 2 ⊂ Z. Again using the assumption that S R is almost regular, we must have P 2 = 1. From Lemma 4.3 it follows that S R is Z-regular.
To complete the analysis of equality in Thm. 4.1 it now suffices to show that S R is almost regular.
We regard T 1 [p] as a vector space over F p , on which S R acts by semisimple linear transformations, preserving the subspace
. If P i /P i+1 is nonzero for some i, then ζ i ∈ spec(σ).
We define integers m 1 and b as follows.
Recall that a is the largest integer j such that P j = P . Since σ acts via ζ a on P a /P a+1 and this quotient is nontrivial by the choice of a, we have that b ≤ a. Lemma 4.5. Assume that (32) holds for some α ∈ R and let O be the S R -orbit of α. Then |O| ≤ m 1 and equality implies c α = a.
Proof. The characteristic polynomial of σ on T 1 [p] is the reduction modulo p of the characteristic polynomial det(t − σ) of σ on the co-weight latticeX of T 1 . the latter is a product of cyclotomic polynomials:
where m 1 ≥ m 2 ≥ · · · ≥ m r are the orders of the eigenvalues in Q of σ onX. Reducing these polynomials modulo p gives the characteristic polynomial of σ on T 1 [p] , where the eigenvalues of σ, now in F p , have the same orders m i . We also note that if η ∈ spec(σ) and d is an integer relatively prime to |η| then η d ∈ spec(σ). On the other hand,
. Assume now that (32) holds for α ∈ R with S R -orbit O. The stabilizer of α in I has the form I α = s α P , for some s α ∈ S. From (33) we have
and equality implies c α = a.
The rest of the proof of 4.1 takes place purely in the setting of root systems. We treat the classical and exceptional root systems separately.
Classical Root Systems
In this section R is one of the classical irreducible root systems A n−1 , B n , C n , D n . We assume σ ∈ Aut(R) is elliptic and that (32) holds for every α ∈ R, and we will show that σ is almost regular. By Lemma 4.4 this will complete the proof of Thm. 4.1 for classical Lie algebras.
Let ϑ be the projection of σ to Aut(R, ∆), where ∆ is a base of R.
We can ignore the case R = A n−1 with ϑ = 1, since all elliptic elements in W (A n−1 ) are Coxeter elements, which are Z-regular. Likewise when R = D 4 there is only one elliptic nonregular automorphism, namely σ = −ϑ where ϑ ∈ Aut(R, ∆) has order three. In this case it is easy to check that ZR • = ZR.
In all other classical cases the elliptic automorphisms of R may be described uniformly: via the evident containments of root systems A n−1 ⊂ D n ⊂ B n , each automorphism σ ∈ Aut(R) (with the above exclusions) is the restriction of an automorphism of B n .
Let [1, n] = {1, 2, . . . , n}, and let {e j : j ∈ [1, n]} be the standard basis of R n . For each subset J ⊂ [1, n], let W J be the group of permutations and sign changes of {±e j : j ∈ J}. Then W J is a Weyl group of type B |J| . In particular, W [1,n] 
If σ ∈ Aut(R) is elliptic (with the above exclusions), there is a set partition
and each σ p is a Coxeter element in W (B np ), where n p = |J p |. (For A n−1 with |ϑ| = 2 all n p are odd and each σ p is an n p -cycle multiplied by −1.) Then |σ| = 2 lcm(n 1 , . . . , n r ).
We order the J p 's so that n 1 ≥ n 2 ≥ · · · ≥ n r and consider the σ -orbit of a root α = e i ±e j , where i ∈ J 1 and j ∈ J q , with 2 ≤ q ≤ r. Since each σ p is Z-regular in W Jp , a power σ
So the stabilizer in σ of α is generated by
and the orbit O = σ · α has cardinality |O| = 2 lcm(n 1 , n q ) = 2n 1 n q (n 1 , n q ) .
The characteristic polynomial det(t − σ) of σ onX is given by
(or this divided by (t + 1) in case A n−1 , ϑ = 1), so the largest order of a σ-eigenvalue is 2n 1 . By Lemma 4.5 we have
which means n q | n 1 . This implies |O| = 2n 1 , and since this holds for all 2 ≤ q ≤ r we also have |σ| = 2n 1 . Hence σ α = 1.
We have shown that R • contains all roots of the form α = e i ± e j with i ∈ J 1 and j ∈ J q , where 2 ≤ q ≤ r. One checks that the span of these roots has index a power of two in ZR. Since |σ| is even, this means σ is almost regular, as claimed.
Example: The proof above uses Lemma 4.5, which in turn uses equation (32). This is necessary: Let G = SO 21 , and let σ have partition (n 1 , n 2 , n 3 ) = (5, 3, 2), so σ is elliptic of order m = 60. In this case, the set R
• is empty, so σ is far from being almost regular.
Exceptional Root Systems
Let R be a simple (reduced) root system of exceptional type. In contrast to the classical cases, it turns out that every elliptic σ ∈ Aut(R) is almost regular. In fact, we always have ZR • = ZR, for any elliptic σ ∈ Aut(R). This is a case-by-case calculation; the results are presented in the tables below.
The first column gives the elliptic conjugacy classes of σ ∈ Aut(R) which are not Z-regular. When a class is given two names, for example E 8 (a 4 ) = −A 8 , the left-hand name is that of [6] , and the right-hand name is something more explicit: in this case −1 times a Coxeter element of type A 8 .
The next columns contain the order |σ| and the characteristic polynomial det(t − σ) onX, written as a product of cyclotomic polynomials. Next is a representative of the class written as a product of reflections (and possibly −1) according to the labelling of the extended diagram. The rightmost column gives a set of roots in R
• which span ZR.
Each segment of rows bounded by horizontal lines consists of powers of the elements in the top row of the segment. For our purposes, we need only consider the element in this top row.
Elliptic non-Z-regular conjugacy classes in W (
Elliptic non-Z-regular conjugacy classes in Aut(E 6 )
Elliptic non-Z-regular conjugacy classes in Aut(E 7 ) 0 1 2 3 4 5 6 7 r 0 r 2 r 3 r 4 r 5 r 6 r 7 r 8 ∆
in section 3, such that S R = σ , and for which equality holds in Thm. 4.1, meaning that P 2 = 1 and
Let k be the residue field of k, say |k| = q, a power of the prime p. Let K be an algebraic closure of k. Then k is the fixed-field of the Frobenius automorphism F : x → x q on K.
Lemma 5.1. If σ ∈ Aut(R) is elliptic and Z-regular then σ is conjugate to σ q in Aut(R).
Proof. Recall from section 4.1 that in each coset of W (R) in Aut(R) there is at most one elliptic Zregular W (R)-orbit (under conjugation) whose elements have the given order m = |σ|. Hence σ q is conjugate to σ under W (R) exactly when σ and σ q have the same image in Aut(R)/W (R). This last condition fails to hold in just one case: R has type D 4 , σ has order three in Aut(R)/W (R), and q ≡ 2 mod 3. But here Aut(R)/W (R) is the symmetric group S 3 , in which the two elements of order three are conjugate. It follows that σ is conjugate to σ q in Aut(R), as claimed.
Let τ ∈ Aut(R) be any element such that τ στ
Each root α ∈ R extends a linear functional on the K-vector space
Likewise the action of Aut(R) onX extends K-linearly to V. Thus we have a decomposition
The twisted Frobenius operator F τ := F ⊗ τ on K ⊗X = V preserves each eigenspace V(σ, ζ). To check this, we first note that τ −1 στ = σ r , where rq ≡ 1 mod m, so that
Next, for all v ∈ V we have F τ (ζv) = ζ q F τ (v). It now follows that for v ∈ V(σ, ζ) we have
We define
From [17, Prop.1] there exists and we choose ζ ∈ µ m (K) of order m such that V(σ, ζ) reg is nonempty. Since F τ permutes R (via τ ), the space V(σ, ζ) reg is preserved by F τ . Define [18, section 7] it is shown how each v ∈ V(σ, ζ) Proof. Let h be the order of q in (Z/m) × . The sum
is stable under the commuting actions of F and τ . The action of τ therefore commutes with F τ and induces isomorphisms
By Hilbert's Theorem 90 there exists g ∈ GL( V) such that τ = g −1 F(g). The action of g on V intertwines F and F τ , and therefore restricts to a k-isomorphism V
Hence from (39) we have |V(σ, ζ)
so the proposition holds in the case dim K V(σ, ζ) = 1.
Next we note that if the proposition holds for some σ, τ, ζ, and if d | m, then the proposition also holds for
In types B n , C n , G 2 , F 4 , E n , every elliptic Z-regular automorphism in Aut(R) is of the form σ d [17, section 7] , where σ is also elliptic Z-regular and dim K V (σ, η) = 1 for any η ∈ K × whose order is that of σ. Hence the proposition is proved in these cases.
For R of type D n+1 (n ≥ 2), there are additional such σ of the following form. First note that Aut(D n+1 ) = W (B n+1 ) acts on V = K n+1 by permutations and sign changes of the basis {v 1 , . . . , v n+1 }. The subgroup W (B n )×W (B 1 ) preserves the partition {±v 1 , . . . , ±v n } {±v n+1 }. We have σ = y × z, where y ∈ W (B n ) and z ∈ W (B 1 ) are Coxeter elements, and is an odd divisor of n. Note that y also has order m. Choose any τ ∈ W (B n ) such that τ yτ −1 = y q and let ζ ∈ K × have order m. Arguing as for (41), there exists v ∈ K n ∩ V(y , ζ) Fτ such that α, v = 0 for all α ∈ B n . Writing v = c 1 v 1 + · · · + c n v n with c i ∈ K, we have c i ± c j = 0 for all i = j and c i = 0 for all i. It follows that α, v = 0 for all α ∈ R, so that v ∈ V(σ, ζ) For R of type A n (n ≥ 2) the situation is similar: besides the Coxeter elements in W (A n ), the additional Z-regular elliptic automorphisms σ ∈ Aut(R) are of the form σ = y × z, where y is a Coxeter element in W (B n ); in this case we must have n/ odd. Now V is the quotient of K n+1 by the diagonal embedding of K. Take v ∈ V(y , ζ)
Fτ regular for B n , as above. The image of v in V belongs to V(σ, ζ) Fτ reg .
6 Representations of p-adic groups Prop. 5.2 also has an application to the representation theory of semisimple p-adic groups. We sketch the background; for more details in this section see [18] .
Recall that K denotes the maximal unramified extension of k ink, and the residue field K of K is an algebraic closure of the residue field k of k.
Let G be a connected and simply connected almost simple algebraic group defined over k. We further assume G is quasi-split over k and split over a tamely ramified extension of k. For the moment we make no restrictions on the residue characteristic p of k. Let S be a maximal k-split torus of G. The centralizer T := C G (S) is a maximal torus of G and T is defined over k. LetŘ be the root system of G with respect to T , and let R be the dual root system. Let W denote the Weyl group of R.
The given action of Gal(k/k) on T transfers to an action on R. The resulting homomorphism
determines the k-isomorphism class of the simply connected group G. Since G is quasi-split, there is a base ∆ of R such that ε(W k ) ⊂ Aut(R, ∆). The tamely ramified condition means that ε is trivial on the wild inertia subgroup of W k , and that the image of the inertia subgroup I k is cyclic, say ε(I k ) = ϑ , for some ϑ ∈ Aut(R, ∆) of order prime to p. The full image ε(W k ) is generated by ϑ and the image φ = ε(F) of a Frobenius element F ∈ W k ; these satisfy the relation φϑφ −1 = ϑ q .
The complete root datum of G is (X,Ř, X, R), where X = Hom(GL 1 , T ) = ZR,X = Hom(T , GL 1 ) = Hom(ZR, Z).
We letρ ∈X be the unique element such that α,ρ = 1 for all α ∈ ∆, where here , denotes the canonical pairing between X andX. Note thatρ is fixed by Aut(R, ∆), hence by ε(W k ).
Let A = R ⊗ X, regarded as an affine space with basepoint 0. Via ε, the Weil group W k also acts on A (fixing the basepoint) and we let
denote the respective fixed-point subspaces of W k and I k . The line 0 + Rρ is contained in A(k). Associated to the pair (R, ϑ) is an affine root system Ψ K consisting of affine functions on A ϑ , whose Weyl group W aff (R, ϑ) is a discrete group of affine automorphisms of A ϑ , generated by the reflections about the hyperplanes ψ −1 (0), for ψ ∈ Ψ K ; see [18, (3.2) ].
According to Bruhat-Tits [4] , each point x ∈ A(k) determines a bounded open (parahoric) subgroup G x (K) < G(K). Moy-Prasad [14] defined a countable filtration of G x (K) by normal subgroups, whose distinct terms we write here as
(For simplicity of exposition, our notation differs slightly from that of [14] .) Taking fixed-points under Gal(K/k) gives a corresponding filtration
The top two quotients
are, respectively, a reductive algebraic group and a K-vector space, both defined over k; the action of H x on V x , induced by the conjugation action of G x (K) on G x,1 (K), gives an algebraic representation of H x on V x .
A linear functional λ in the dual spaceV x of V x is stable if its orbit under H x is Zariski-closed with finite stabilizer H x,λ . Given a k-rational stable functional λ ∈V x (k) and an irreducible representation ρ of H x,λ (k), the epipelagic construction in [18] produces an irreducible supercuspidal representation π λ,ρ of G(k). We have π λ,ρ = π λ ,ρ if and only if (λ, ρ) and (λ , ρ ) are conjugate under H x (k). Let Π x (k) be the set of these representations π λ,ρ as (λ, ρ) varies over a set of representatives of the H x (k)-orbits of pairs (λ, ρ) as above.
We now resume our assumption that p |W |. In [18, Cor. 5.1], it was shown thatV x contains stable functionals over K if and only if x is conjugate under W aff (R, ϑ) to a point in A of the form 0 + 1 mρ , where m is the order of an elliptic Z-regular element of the coset W ϑ. This amounts to a criterion for Π x (k ) to be non-empty, for a sufficiently large finite unramified extension k /k. (In [8] this criterion is shown to be valid without any assumptions on p, but still assuming k is sufficiently large.)
In the case p |W |, we can now replace k by k, as follows. Let x = 0 + 1 mρ , where m is the order of an elliptic Z-regular element of the coset W ϑ. Let ζ ∈ K × have order m. By the LangSteinberg theorem for H x , there exists a Cartan subspace (see [26] for the definition) c ⊂V x such that F(c) = c [18, section 6] . From [18, 7.3] there exist σ ∈ W ϑ, τ ∈ W φ such that τ στ −1 = σ q , and there is an isomorphism c
intertwining the action of F on c with F τ on V (σ, ζ). From [17, Lemma 13] it follows that the stable functionals in c correspond to points in V(σ, ζ) reg , under the map (42). It follows that V x has stable functionals rational over k if and only if V(σ, ζ) , where m is the order of an elliptic Z-regular element of W ϑ.
Remark: It seems likely that Cor. 6.1 holds without any assumption on p.
